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Abstract: We discuss how to consistently perform eective Lagrangian computa-
tions in quantum gravity with branes in compact extra dimensions. A reparametriza-
tion invariant and infrared nite result is obtained in a non trivial way. It is crucial
to properly account for brane fluctuations and to correctly identify physical observ-
ables. Our results correct some confusing claims in the literature. We discuss the
implications of graviton loops on electroweak precision observables and on the muon
g − 2 in models with large extra dimensions. We model the leading eects, not
controlled by eective eld theory, by introducing a hard momentum cut-o.
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1. Introduction
No known experimental constraint rmly excludes the possibility that Kaluza Klein






aect future particle physics experiments [1, 2].1 After removing all non propagating
degrees of freedom by a suitable choice of coordinates, many authors computed the
signals of KK graviton emission at tree level [4, 5, 6]. Some authors also considered
1-loop eects [6]{[10]: since they aect observables measured with higher precision,
they can compete with tree level eects. The result was not the expected one.
Consider for example the graviton correction to the Higgs mass. At rst sight one





















where MD, M4 are the gravitational scales of the D-dimensional and 4-dimensional
theory respectively, and   MD parameterizes the unknown quantum gravity ul-
traviolet cuto. At a closer look [6]{[9] the eect seems to be much larger. To
understand that, consider the propagator for the physical J = 2 nth KK graviton














where t   − kk=m2n. If the terms enhanced by powers of k=mn were to fully
contribute to quantum corrections, the k factors would give a highly ultraviolet (UV)
divergent loop eect. More importantly, when  < 4 the 1=mn factors would also
give a strong infrared (IR) enhancement of the sum over KK modes. At the end the
correction would be a factor (MDR)
4− larger than the naive one in eq. (1.1), where
R is the size of the extra dimensions. This kind of behavior, indeed observed in [6]{
[9], would exclude the possibility that  < 4 large extra dimensions (i.e. R 1=MD)
solve the hierarchy problem.
The above argument on the fate of the k=mn terms must however be wrong,
and for a very simple reason. Indeed one could choose to x the D-dimensional
reparametrization invariance by the de Donder gauge choice, in which the graviton
propagator contains no k=mn terms. This is in complete analogy with the case of
a massive vector boson, where the propagator contains k=mn terms in the unitary
gauge, while no such term is present in the Feynman gauge. Therefore k=mn terms
cannot aect gauge-invariant physical observables. This suggests that there must be
something missing or incorrect in the computations so far performed.
The purpose of the present paper is to devise all the elements that are needed
for a fully consistent computation. The guideline is to respect the full D-dimensional
1The case  = 2 is excluded by bounds on emission of KK modes with a small mass . 100 MeV
in supernovae [1, 3], if the extra dimensions are flat. In principle, one could save collider signals
(due to heavy KK modes) by assuming that the compact dimensions are curved on length scales






general coordinate covariance. First of all it is crucial to x the gauge by the Faddeev-
Popov procedure and to choose a covariant regulator. If the regulation of the loop
integral is not performed with the due care, spurious UV and IR divergences can
appear. Secondly, one has to remember that the position of the brane depends on the
system of coordinates, and therefore brane fluctuations (branons) must be taken into
account in order to respect general covariance. Finally one must carefully identify
which are the physical observables in the presence of gravity: misidentication of the
true observables can yield spurious gauge dependence and IR divergences.
One of our results is that all the puzzling eects found in the existing literature
cancel out in a fully consistent calculation when one computes physical observables.
For example the Higgs mass term and the oblique S; T; U parameters [11] are not
physical observables (except in particular cases). So they receive gauge dependent
quantum gravity corrections, which in some cases are even enhanced by powers of
RMD. These infrared pathologies, which would invalidate perturbation theory (for
instance RMD  1015 if R  mm andMD  TeV), are absent in the corrections that
aect the corresponding physical observables, the pole higgs mass and the 1; 2; 3
parameters [12].
In our study we treat quantum gravity and the brane by the method of eective
eld theory (EFT) [13, 14]. We do so in the absence of a realistic fundamental de-
scription of the SM on a brane.2 The eective Lagrangian summarizes all our low
energy knowledge of gravitational interactions with SM particles. By our method we
could perform a fully consistent computation of the 1-loop quantum gravity correc-
tions to electroweak precision observables. However the dominant eects are strictly
speaking uncalculable, as they are saturated in the UV where we loose control of the
theory. We can only parameterize these eects in terms of a UV cuto .3 The calcu-
lable piece is the one saturated in the infrared, but this is only of order (MZ=MD)
2+.
Therefore, introducing a UV cut-o , we will only compute a particular combina-
tion of observables, which is aected by just a few simple Feynman diagrams. For
the full set of observables we will limit ourselves to a qualitative discussion.
While the discussion of the phenomenology is somewhat limited by the powerlike
UV divergences, we stress that the main goal of the present paper is conceptual. In
this respect the most important (and new) result is that brane motions have to be
properly taken into account. In order to understand this issue better we have also
2Interesting attempts based on D-brane intersections [15] give ‘semi-realistic’ models with extra
charged matter with respect to the SM. The stability of these congurations is an open question.
3A string model could provide a physical realization of this cut o. However at the level of the
present model building technology there are many free parameters specifying the moduli and the
brane conguration [15, 16, 17]. Therefore, even if we were able to reproduce the SM, the predictive
power on quantum corrections (for example on the muon g − 2) would probably be limited. Of
course it would still be important to have one such model. Indeed it would also be interesting to






considered the case of a brane living at an orbifold xed point, for which the branons
are projected out. In this case gauge independence of observables is met through
tadpole diagrams specic of orbifold compactications, rather than by branon loops.
The technology developed in this paper may prove useful in future work. One possible
application is the brane to brane mediation of supersymmetry breaking through bulk
gravity at 1-loop. This eect is computable and represents the leading correction to
anomaly mediated soft terms: depending on its sign it may cure the tachyon problem
of anomaly mediation.
The paper is structured as follows. In section 2 we discuss our lagrangian and the
eective eld theory philosophy. We also introduce various gauge xing conditions for
the gravitational eld and explain the ro^le of the branons. In section 3 we calculate
the corrections to the masses of scalars and vectors, on and o the brane. We
explain what gauge independence means in quantum gravity, and show that physical
quantities are gauge independent. We also give the example of a brane at an orbifold
xed point, for which branons are not needed. In section 4 we derive experimental
bounds on low energy quantum gravity from precision measurements and from the
anomalous magnetic moment of the . In section 5 we summarize. Finally in the
appendices we describe how to derive graviton-matter vertices and collect our results
for the corrections to brane observables.
2. Effective lagrangians for gravitons and branes
2.1 Pure gravity
We study gravity in RdM where the extra dimensionM is a compact manifold of
dimension . Not knowing which manifold is of physical interest (if any), we consider
the simplest one: a -torus T  with a single radius R and volume V = (2R). We
perturbatively expand the classical Einstein-Hilbert action around the flat metric















− hMN¤hMN + h¤h− 2hMN@M@Nh+ 2hMR@R@ShSM

+O() ;
where D = d + , h  hMM and we used MN to raise and lower indices. We use
upper (lower) case latin letters for D-dimensional (extra-dimensional) indices and
greek letters for d-dimensional indices; in particular we decompose theD-dimensional
coordinates as XM = (x; yi). We do not x d = 4 since we will use dimensional
regularization. Following the notation of ref. [4] we have dened






Md is the eective reduced Planck mass as measured by a d-dimensional observer,
MD is the corresponding parameter in D dimension and MD is dened by (2.2).
With this convention the equations of motion read:
RMN − 1
2
gMNR = − 1MD−2D
TMN : (2.3)
Before inverting the quadratic term in eq. (2.1) to obtain the propagators, one must
x the reparametrization invariance; we follow the Faddeev-Popov procedure and
















This particular choice breaks the D-dimensional Lorentz symmetry of the flat back-
ground metric for generic values of  and interpolates between the usual de Donder
and unitary gauge, obtained respectively in the limit  ! 1;1. The functional inte-
gral gets multiplied by the Faddeev-Popov determinant, exponentiated in the usual
way by introducing ‘ghost’ elds M , M :
Lghost =
Z







where  is the gauge parameter for reparametrizations.
The kinetic term for the graviton eld is a (messy) 3  3 matrix which mixes
tensor h , vector hi and scalar hij modes. Since interactions are more easily written
in terms of the h , hi and hij components of the D-dimensional graviton eld hMN ,
it is more convenient to write the propagator in this basis rather than in the gauge-
dependent mass eigenstate basis. For example matter elds conned on a straight
d-dimensional brane at leading order couple only to the tensorial h mode.










and integrating the Einstein-Hilbert lagrangian over the extra-coordinates, one ob-
tains the d-dimensional lagrangian for KK modes.
Notice that @ihiN can be interpreted as Goldstone bosons eaten in a gravitational
Higgs mechanism to form massive tensors and vectors. We are classifying particles
by the d-dimensional Poincare group. By this interpretation, eq. (2.4) is the analogue
of ’t Hooft’s  gauge in spontaneously broken gauge theories. For  !1 we get the





























where k is the d-dimensional momentum,
Pij  ij − ninj
n2
; t   − kk
m2n
(2.8)
and m2n = n
2=R2 is the mass squared for the nth KK excitation, having dened
n2  −ninjij = ninjij . In appendix A we derive this propagator by working in
the unitary gauge with physical elds. As usual ‘Goldstone’ bosons and ‘ghosts’ get
innitely massive when  !1 but they do not decouple: loop corrections computed
in the unitary gauge ( = 1) by propagating only the physical elds are dierent
from the limit  ! 1 of loop eects computed in a  gauge [20]. Of course the
mismatch disappears in physical quantities.
For  = 1 we get instead the de Donder gauge, where the propagator has the
covariant form:




MM ′NN ′ + MN ′NM ′ − 2
D − 2MNM ′N ′

; (2.9)
























We have thus shown that the propagator in the de Donder and unitary gauges has
the same form up to longitudinal k=mn terms. For compactness, we do not write
explicitly the propagator in a generic -gauge.
2.2 Gravity and branes
We want to study quantum gravity corrections to the physical observables of a eld
theory living on a d-dimensional brane in a -dimensional compact spaceM. At the
end we will identify the brane theory with the Standard Model. The gravitational







We use an eective eld theory (EFT) approach where the fundamental descrip-
tion of the particles and of the brane is not specied [14]. In the regime of validity
of EFT, the particles are treated as point-like and the brane is treated as innitely
thin in the extra dimensions. This requires a little explanation. If  is the brane
true transverse size, our EFT is only valid at energy scales  1=. The brane also
generally has a nite tension   f d. This gives rise to a gravitational eld behaving
like fd=Md+−2D r
−2  (rG=r)−2 at a distance r far away from the brane in the extra
space. We focus on  > 2 (for  = 2 the background is locally flat with a conical
singularity at the brane position). The gravitational radius rG controls the distance
at which the geometry is curved. One can then think of dierent possibilities for
the brane structure. If  > rG the brane is similar to a big star where the geometry
nowhere strongly deviates from the flat, and 1= truly represents the UV cut-o of
our EFT. On the other hand for   rG it is the gravitational radius that sets the
UV cut-o. Physics at energies > 1=rG would probe the gravitational structure of the
brane, which is non-universal and model dependent. One example is a black brane
where at r  rG a black-hole horizon is present. Another dierent example is given
by the solution studied in [21], where there is no horizon and a naked singularity
is avoided by a nite brane size. In the latter case the coupling of bulk gravitons
to the brane is dramatically changed at energies > 1=rG. As we are only interested
in universal features we will assume that the UV cut o UV that limits the use of
our EFT is bounded by min(1=; 1=rG). In the regime of validity of EFT we can
treat the background metric as approximately flat and treat the eects of the brane
tension as perturbations. Notice indeed that at energy E the latter are controlled
by the small parameter E−2fd=Md+−2D  (ErG)−2 < (UVrG)−2  1 .
Two possibilities are given: either the brane can freely move in the bulk or sit
at a xed point, if the compact space M has any. Let us consider the former case
rst. The immersion of the brane in the D-dimensional space is parameterized by
D functions XM(z), where z are the d local coordinates on the brane. The brane
action must be invariant under both D-dimensional coordinate changes (under which
XM transform and z are unchanged) and under reparametrizations of the brane







Since gind is a scalar under D-dimensional reparametrizations, we only need to re-
spect brane reparametrizations by the use of gind itself. The description of the brane
position by the XM(z) is of course redundant. We can eliminate this redundancy
by using the remaining gauge freedom represented by brane reparametrizations. We
stress that we cannot use D-dimensional dieomorphisms for which the gauge has
been completely xed in the previous section. A convenient choice of brane coordi-






without the need of introducing additional ghost elds (the ghost determinant is
trivial) [14]. We call the i branons.
As we said the branons cannot be thrown away because we have already com-
pletely xed the D-dimensional reparametrization gauge invariance. However in the
previous section one could have chosen a dierent class of coordinate gauges, one
in which the brane always sits at a given point in M. This dierent choice would
explicitly break translation invariance in the extra dimensions. What becomes of the
branons in these dierent gauges? They are still there but as longitudinal modes of a
combination of graviphotons: the branons can indeed be interpreted as the Goldstone
bosons of broken translation invariance in the extra dimensions [14]. We nd it more
convenient to gauge x the graviton in the more standard way and keep the branons.
Notice that, consistently with their Goldstone character, in the limit in which grav-
ity decouples (MD ! 1) the branons survive. Their physical eects can therefore
be studied independently of gravity [22]. Quantum fluctuations of the branons are
controlled by 1= (the analogue of 1=f 2 for pions) and become non-perturbative at
an energy E >
p
4f (E > 4f for pions). Therefore the tension  sets another
sure upper bound on the regime of applicability of EFT.
In terms of the branons i the induced metric is
gind = g − gigjgij + (Di)(Dj)gij   + ~h ; (2.12)
where Di  @i+gi and the metric gMN is evaluated at the brane location yi = i.
For 1-loop computations we need ~h up to quadratic order in 
~h = h + (@i)(@
i) + (i@ih + hi@
i + hi@
i) +    ; (2.13)
where now h is the graviton eld evaluated at the brane rest position yi = 0. The







det gind + LSM +   
i
; (2.14)
where LSM is the covariant brane lagrangian (that we will identify with the SM
lagrangian), while the dots indicate all terms involving higher derivatives, the Rie-
mann tensor for the induced metric [23] or the extrinsic curvature. By expanding











+   (2.15)
which shows a mixing between  and h (see appendix B for the denition of the tensor
B). As we will discuss shortly, in order to consistently compute virtual graviton
eects this mixing has to be taken into account. Notice also that there is a linear
term in h, since the massive brane is a source of gravity. We will comment below






branons with SM elds is encoded in the covariant dependence of LSM on the induced
metric. At quadratic order we have
LSM = LSM + L~h + 2L′′~h~h′ +    (T  −2L) ; (2.16)
where the explicit formulae are given in appendix B.
2.3 Gravity and vector bosons
In section 2.1 we have described the gauge xing procedure for a theory of pure grav-
ity. If gauge elds AM are present, the lagrangian has both internal and gravitational
gauge invariance, which can be xed through a delta functional (F (h;A))
F (h;A) = [f1(h;A); f2(h;A)] (2.17)
in the functional integral imposing f1(A; h) = 0, f2(A; h) = 0. This is equivalent
to adding the gauge xing term LGF = −f 21 = − f 22 =2 in the lagrangian and the










where 1, 2 are the gauge parameters for dieomorphisms and internal gauge trans-
formations respectively. f2=1 is generically non zero because vector bosons are
‘charged’ under gravity. However the graviton eld is neutral under charge transfor-
mations, so that for a reasonable gauge-xing function f1 which doesn’t involve the










and the two factors can be exponentiated separately in the usual way. Notice that
it is convenient to choose a non covariant gauge-xing f2 for the photons in order to
avoid additional couplings with gravitons. (A non-covariant f2 should not cause any
panic: reparametrizations are already broken by the gravitational gauge xing f1).
We have explicitly checked that the simple gauge xing




gives the same results as other more involved choices.
In a theory with vectors that acquire mass Mv through the Higgs mechanism, as
in the Standard Model, the gauge-xing term will contain the Goldstone bosons G
eld as well. Even with the simple gauge xing







there is a cubic vector-Goldstone-graviton interaction: in a generic metric the gauge
xing does not fully cancel the kinetic mixing between the Goldstones and the vector
(MvAM@NGg
MNpg) present in the lagrangian. Such gauge xing can be easily






2.4 Gravity and fermions
Finally, we sketch how to extend our analysis to the important case of fermions. It is
well known that GL(D) does not admit spinor representations and in order to deal















Where capital letters from the beginning of the latin alphabet A;B;C; : : : denote D-
dimensional Lorentz indices. The vierbein basis denition introduces an additional
gauge symmetry, besides dieomorphisms, due to the freedom in (2.22) to rotate E
acting with a local SO(D− 1; 1) transformation. In absence of torsion, the compati-
bility condition between the metric and the connection !, allows to express the latter
in terms of the vierbein E. Then, once the vierbein is dened, the introduction of
spinors is rather straightforward (see for instance [24]), a collection of the relevant
formulae can be found in appendix B. Around a flat background we can parametrize



















where BMN = MAB
A
N and similarly all indices are raised and lowered by the
Minkowski metric AB. The gravitational action, when expressed in terms of E









; ΩAB(X) = −ΩBA(X) : (2.24)





= 0 ; (2.25)
The great advantage of (2.25) is that Lorentz ghosts are absent [25] and that it makes
possible the elimination of the vierbein elds, order by order in , in favor of the
quantum metric h [26]. Indeed, in the gauge (2.25) one can easily express B in terms














+ O(2) : (2.26)
As a result, even when fermions are present, at the perturbative level, the quantum
fluctuations of the geometry are encoded in h and our formalism can be applied
without modications.
A similar procedure can be applied to fermions living on a (d− 1)-brane. These
are spinors of SO(d − 1; 1) and in order to write an invariant lagrangian one needs






we indicate by lower-case latin letters a; b; c; : : : the d-dimensional Lorentz indices.
In ref. [14] it was shown how to construct ea out of E
A
M and of the brane immersion







where RaA is a SO(D−1; 1) rotation matrix which depends on EAM andXM(z). Under
a SO(D−1; 1) rotation EAM ! Ω(X)ABEBM , the induced vierbein undergoes a SO(d−
1; 1) rotation ea ! !(z)abeb. By xing the brane reprametrizations keeping just
the branons (as done in the previous section) and by xing D-dimensional Lorentz
transformations as shown in this section, ea is written as a function of 
i(x) and
hMN . However it is a fairly complicated expression. Calculations can be simplied
by using the local Lorentz symmetry ea ! !ab (x)eb to rotate the induced vierbein to
a more convenient form (fermions rotate   ! !  by the spinorial representation
! ). Precisely as we did with E
A
M it is useful to rotate e
a










from which by using gind = e
a
e









3. Loop corrections to brane observables
We now have all the ingredients to perform some illustrative computations. We will
focus on the one loop correction to the masses of scalars and vectors living on the
brane.
In order to do a meaningful computation we must employ a regularization that
respects D-dimensional reparametrization invariance. The result will depend on the
choice of the regulator. The simplest thing could be cutting the loop integrals at
. Since this is not an invariant regulator, we would get a meaningless result that
also depends on the choice of the loop integration momentum. A better possibility
consists in dividing all graviton propagators by some power of (1 − p2=2). It is
possible to obtain this Pauli-Villars (PV) regulator in a covariant way by adding to
the action suitable higher derivative reparametrization invariant terms involving just
the metric. We will instead employ the standard extension of dimensional regular-
ization to the case in which both continuum and discrete momentum are involved
(see the appendices for details). Of course by this method we are only sensitive to
the \physical" logarithmic divergences, while all power divergences are automatically
removed. Nonetheless from our results it will be clear that by choosing a regulator
sensitive to power divergences (like PV) for the sum over KK we would still not have








Figure 1: One-loop gravitational corrections to the pole mass of a scalar on a brane
from gravitons (diagrams a,b,c) and from graviton/branon mixing (diagrams d,e) at zeroth
order in the brane tension. The mass of a vector particle on a brane also gets corrections
from vector-Goldstone-graviton vertices (diagram a0). Gravitons (branons, scalars, vectors,
Goldstones) are drawn as pig-tail (dot-dashed, dashed, wavy, dashed-wavy) lines.
3.1 Brane in a torus
Consider now the one-loop graviton correction to the pole mass m0 of a minimally
coupled scalar living on a straight brane located at the point yi = 0 of a torus
T . As we explained in section 2.2, in the regime of validity of EFT (E < 1=rG)
the brane tension can be treated as a perturbation in the gravitational dynamics.
Therefore it makes sense to expand the corrections to our observables in a power
series in  . Let us focus on the lowest order eects, i.e. those that go like  0.4 The
diagrams that contribute at order  0 are shown in gure 1. Notice that diagrams (d)
and (e) also involve branons: in these diagrams the −1 from branon propagation
is compensated by the  1 in the graviton-branon mixing insertion. Notice also that
the tadpole diagram (c) gives no contribution. Due to momentum conservation in
the extra dimensions (valid at zeroth order in ) only the zero modes mediate this
tadpole, these are the 4d graviton and the radion. Whatever mechanism stabilizes the
radion giving also a vanishing eective 4d cosmological constant generates a tadpole
that cancels (c) exactly at the minimum of the radion potential. Of course exact
cancellation of the 4d cosmological constant requires the usual ne tuning. Now, the
genuine graviton diagrams (a) and (b) give a correction







h(−p)j − 2LL + 4iLj(p)i(h(n) h(−n) ) ; (3.1)
where p2 = m20 is the squared momentum of the on-shell scalars (m0 is the tree level
mass).
4Notice that there are also corrections from pure branon exchange, which go like inverse powers
of  and which persist when gravity is turned o. The lowest, physically meaningful correction of
this type to the scalar mass comes at two loops and goes like m0=m0  m80=2. The 1= eects
can be bigger than the gravitational ones we study, but they are physically independent [22]. Thus






The branon contributions (d) and (e) give









where h(−p)jTj(p)i = 2m20 and Fn(k) represents the contribution of the loop










n)− d(d− 2)( − 4)A0(m20) +
+ 4d[(d− 2)m2n − 2(d+  − 3)m20]
B0(m20; m2n; m20) +
+ d(d− 2)m2nB1(m20; m2n; m20)
o
(3.3)
f(; d; ) = 4(2 − 1)d=2−1[2− (2 − 1)( − 1)− (10− 3d+ 3(d− 4))] +
+2d=2[3d + d( − 2) + d2( + 1) + 4− 12 + 2( +  − 4)] +
+2(d− 2)[−  + 2d(d+  − 2)] ; (3.4)
where the Passarino-Veltman functions A0, B0, B1 are dened in appendix D, where
we describe how the cuto-independent contribution can be extracted. The mass
correction is multiplicative as expected for a minimally coupled scalar: for vanishing
tree level mass the scalar is derivatively coupled to gravity. Although in this expres-
sion all the terms enhanced by 1=m4n found in [6]{[9] cancel out mode by mode, we do
not obtain a gauge-independent result. However the  dependent term in m20=m
2
0,
only depends on MD and R (and the UV cut-o UV if dimensional regularization is
abandoned) but not on m20 itself. So it looks like a universal eect. Indeed one nds
the same gauge dependent piece in the correction to the mass of a vector particle.
In short the correction to the pole mass of a spin s = f0; 1g particle on the brane





ss(ms; ; R;MD) ; (3.5)
where G is the only gauge dependent factor, while 0;1 are gauge-independent
( is the renormalization scale). Explicit expressions for these functions can be
found in appendix C. Similarly we nd that for a localized photon the gravitational
correction to the electric charge e has a gauge-dependent factor equal to [e]G, where
[e] = 2 − d=2 denotes the dimension of the electric charge in d dimensions. The
moral of these results is that the gauge dependence can be reabsorbed by changing
the normalization of the graviton eld gMN . In more physical terms, gauge dependent
terms amount to a change of the mass unit: all the dimensionless quantities that we






dimensionless quantities are real observables, as they are invariant under rescaling
of the metric.5 As a simple further check we have also computed the corrections to
the masses of bulk particles. In particular we have focused on the n = 0 modes of








where the gauge dependent part is the same as for brane modes but the physically
meaningful piece 0s is, as expected, dierent. Notice that bulk particles do not
couple directly to branons, so that there is no analogue of diagrams (d) and (e) for
them. On the other hand the bulk modes couple directly to the hi and hij pieces
of the graviton eld, which was not the case for the brane modes. In view of these
dierences, the fact that the gauge depended piece is always the same is a rather
non trivial check.
A concluding remark on the 1=m4n terms found in [6]{[9] is in order. These terms
come only from diagram (a), so that the branons play no role in the cancellation of
these eects in physical quantities. Furthermore, it is clear that terms of this type
could not be physical, as they cannot arise in the  = 1 gauge. However in gauge
dependent quantities they can appear. In the appendix we give the expression of
the scalar self-energy at the o-shell point pext = 0, where these unphysical eects
are indeed present. Notice that if they appeared in physical quantities there would
really be an enhancement of the result by some power of the radius R (IR divergences
cannot be thrown away!).
So far we have only considered observables that do not depend at tree level on
the size R of the compact extra dimension. A gauge invariant result is obtained in
a slightly more complicated way when one considers observables like m0=MPl or the
ratio between pole masses of dierent KK excitations. The reason is that R itself is
gauge dependent: a discussion of this issue, including a geometrical explanation of
this statement, is presented in subsection 3.2.
3.2 Gauge independence of physics and geometry
In this section we want to extend our discussion of gauge invariance to generic ob-
servables that depend on the size R of the extra dimensions. To be concrete we
will compare two gauge choices, unitary (U) and de Donder (DD). The compact
manifold is assumed to be a -torus.
The previous results could be restated as follows: in order to get the same physics
in the U and DD gauges, all the tree level mass parameters mU and mDD in the two




2](GU −GDD)] = m2DD1 [m2] = 2 ; (3.7)
5The gauge dependence of pole masses in quantum gravity was already found and discussed in






where the G’s are the universal quantities given in appendix C. Similar relations
hold for parameters with dierent mass dimensions. This is equivalent to taking
as background metrics 1MN and MN in respectively the U and DD gauge, but
keeping the same tree level mass parameters (i.e. mDD). This is easily seen because




This argument is basically correct, but not completely. The point is that since
the space is not isotropic (there are  compact directions) the metric rescaling factor 
does not have to be the same for all directions. Then, compatibly with the symmetries












with 1 6= 2. These relative backgrounds have to be chosen in order to get the same
results in the two gauges. Notice that we keep the same periodicity yi  yi+2R on
the torus. Then, at tree level, the proper length of the period of the torus is rescaled
by a factor
p
2 in the unitary gauge. In the same gauge the mass shell condition










n = 0 (3.9)
so that R as dened through KK masses is rescaled by
p
2=1 at tree level, and not
by
p








1 . By writing i = 1 + ci, at lowest



























where the radius is here dened through the KK masses. In our calculations so
far we only considered the masses of brane modes or bulk zero modes, which do
not depend on the radius at tree level. This is why one universal rescaling 1 was
enough to eliminate spurious gauge eects. By considering the quantum corrections
to KK masses or to the d-dimensional Newton constant one nds extra gauge depen-
dence. However we have checked by explicit calculations that it can all be eliminated
consistently with eq. (3.10). The corrections to KK masses represent just a direct
generalization of the computation of the previous section. On the other hand, the
Newton constant requires to compute also the correction to the graviton-matter ver-






a b c d
Figure 2: The corrections to the Planck mass is obtained by combining corrections to the
graviton propagator (we show the relative Feynman diagrams. Diagram b contains a ghost
loop) with corrections to the graviton/matter vertex and with corrections to the matter
propagator.
g. 2. This is a lengthy computation6 upon which the gauge dependence in eq. (3.10)
is a non-trivial check. At one loop, we nd
1 = 1 +
d2 + d(2 − 1) + ( − 3)














It is interesting to re-derive the quantities 1; 2 in a purely geometrical way. For
instance 2 is xed by the coordinate independent proper period of the torus. We
can easily show this for the case  = 1, d = 4 (the latter choice being made just to
simplify the notation). In order to do so we must (arbitrarily) pick a path around the
compact dimension, and make sure that working in dierent gauges the path is kept
unchanged. It is convenient to simply pick the path P dened in unitary coordinates
by x = 0; y5 =  with  going from 0 to 2R. Actually any path in the family
x = const; y5 =  ( = [0; 2R]) would give the same result as it is equivalent by
translation invariance of the background.7 Notice also that in a general coordinate
choice, x is not constant along P. In an arbitrary coordinate system the denition









must be gauge independent, being the expectation value of a gauge invariant oper-
ator. Comparing the calculation of L in the U and DD gauges, we get at 1-loop
6For example in the unitary gauge the diagram 2a is obtained by summing 2.588.740 terms. All
computations in this work have been done with Mathematica [28].
7This is an important point since by construction the unitary coordinate frame, dened by the
request that g55 and gµ5 be independent of y
5, is truly a family of gauges. This is because the
unitary form of the metric is preserved by the \zero mode" coordinate changes xµ ! xµ + µ(x),
y5 ! y5 + 5(x) (corresponding to 4-dimensional dieomorsms and to the circle isometry). Then
since our path P is dened in a family of gauges it truly designates a family of paths. It is manifest

































In the unitary gauge only the scalar zero mode (radion) h55 contributes to L, while
in the DD gauge extra contributions from KK graviphotons and graviscalars show
up (the latter is zero in dimensional regularization). However in the U gauge there is
the tree level term c2. Notice that in both gauges the gravitational eld h is dened
to have no tadpoles. This equation xes c2 and the result agrees with what found
for the physical parameters.















where we have fully integrated on the torus T . This equality ensures that the non-
compact coordinates x represent the same physical distance in the two gauges. The
mass of a particle, as dened by the x dependence of the propagator, has then to be























(MNRS − 2MRNS)h(n)MNh(−n)RS : (3.15)
Using the previous result for c2 we determine c1 in agreement with eq. (3.11).
3.3 Higher orders in the brane tension
We have only studied the terms of zeroth order in the ten-
Figure 3: A dia-
gram of order 1.
sion  , but things should work out in a similar way order by
order in  . These higher order eects come not only from bra-
non insertion in the diagrams of gure 1a and 1b but also from
extra tadpoles. Indeed at order  there is already at the tree
level the tadpole of gure 3.
It corresponds to the brane self gravitational eld. Of course
if we treat the brane as a thin object this eld is innite at the brane itself. This is a






to a renormalization of the unit length on the brane). Applying our regulator (see




















where I1 is a constant dened in appendix D. The R dependence is insensitive
to the UV cut-o: it measures the deformation of the brane self eld due to the
nite volume, so it is a well dened quantity in the EFT approach. Notice also
that g. (3) is a brane-to-brane exchange of a bulk graviton like those considered in
various phenomenological studies [4, 29]. At one loop gure 3 is dressed into extra
tadpole diagrams: we expect that inclusion of these tadpoles will be essential to get
gauge independent results at linear order in  .
3.4 Brane in an orbifold
In section 2.2 we explained that, for a brane living on a smooth space, the branons
have to be kept in order to preserve general covariance. Then we have explicitly shown
that the branons are needed to restore reparametrization gauge independence of
quantum gravity corrections. In this section we show an example of how things work
for a brane stuck at a xed point of an orbifold. Now the brane cannot move, i.e. there
is no branon degree of freedom. But at the same time the group of dieomorsms
is also changed. Indeed when dealing with xed points it is even superfluous to talk
about a brane: at these points we can localize degrees of freedom and interactions
respecting the orbifold reparametrization invariance. For simplicity we will consider
the simplest case of a brane in Rd  S1=Z2. The space S1=Z2 is a line segment,
obtained identifying points in a circle of radius R according to the Z2 reflection:
y  2R− y ; y 2 [0; 2R] (3.17)
which has 0; R as xed points. The invariance of the line element ds2 under Z2
implies that under the orbifold reflection the metric components h , hij and the
ghost eld  are even, while hi and i are odd. A generic eld f(x; y) can be











; b0 = 0 an = bn =
1p
R
n 6= 0 : (3.18)
Odd elds do not have a zero mode. We can use the same gauge xing for repara-
metrization invariance as before.
The group of dieomorsms on the orbifold is dened by the transformations






f and f 5 have period 2R). Notice that the boundaries y = 0 and y = R are left
xed. A brane at y = 0 remains a brane at y = 0 in all reference frames. Even if we
do not let the brane fluctuate we still obtain consistent results. On the other hand
for a brane at a generic y 6= 0; R, its position depends on the reference frame and
we are forced to let it fluctuate. What is special about the xed points is that we
have thrown away enough gauge degrees of freedom (g5(y = 0; R) = 0) that we
can live without branons. Let us see this explicitly.
The computation of the gravitational corrections in the orbifold geometry is
similar to the previous ones, but with some important dierences. Consider the case
of a brane sitting at a generic point y. Contrary to the circle case, the y dependence
in the coupling between matter on the brane and gravity does not cancel out in
physical amplitudes; for instance, the cross section for the production of an individual
KK graviton mode is proportional to cos2(ny=R). It is not a surprise that this factor
depends on y: S1=Z2 is not an homogeneous space. Similarly, the branon contribution
in graviton loops gets multiplied by a factor sin2(ny=R), showing that their presence
is not necessary when y = 0. However, having altered by a y-dependent factor the
relative weight between graviton and branon eects, we apparently no longer get a
gauge invariant result. We now show that we must take into account a new type of
graviton tadpoles that were absent on a homogenous space.
The conservation law of fth dimensional momentum is altered since some of the
harmonics are projected out by the Z2 symmetry. In a vertex with three lines carrying
momenta ni  0, i = 1; 2; 3 along the fth dimension it reads n1  n2  n3 = 0. The
propagator of matter on the brane is corrected by new tadpole diagrams, like (1c),
but with non zero extra-dimensional momentum 2n on the tadpole graviton line. The
blob in gure 1c can be either a graviton loop or a gravitational ghost loop. Notice
that, while tadpoles with a zero momentum internal line (n = 0) are assumed to be
exactly canceled by a suitable stabilization mechanism, the same type of diagrams
with non zero n must be taken into account and they are crucial to recover gauge
invariance for brane observables. Let us focus for instance on the mass correction
m20 for a scalar on a brane at a generic y. Notice that for y 6= 0; R the brane is










2G(MDR) + ~0(m0; y; R;MD; )

: (3.19)
The contribution from the nth KK mode in the graviton diagrams of gure 1a,b is
exactly the same as in the torus, except for an overall factor 2 cos2(ny=R) coming
from the graviton wave function. The contribution F (n)(branons) from diagrams in






for m20 has the same structure of eq. (3.5), but now the gauge invariant piece
~0 is
a function of y. Finally, the tadpole contribution comes in the right way to cancel
mode by mode the y-dependence in the gauge variant term G. This is consistent with
the mass correction for the zero mode of a scalar propagating in the bulk, which has
the same form as in the torus case (see eq. (3.6)), and it represents a non trivial
check on the result. In the special case of a brane sitting at the xed points 0; R
the branon contribution vanishes and gauge invariance of the pole mass is met just
through tadpole diagrams.
As a nal remark, we notice that because of the modied momentum conserva-
tion law in the orbifold, the zero mode of a bulk eld mixes with its KK excitations
at one loop level. The relevant diagrams are those in gures 1a,b,c with discrete
momentum n in the internal loop and 0, 2n in the external legs. This eect however
is relevant only at order 4 and can be safely neglected.
4. Phenomenology
In the previous sections we have explained how to consistently compute quantum
gravity corrections using an eective eld theory (EFT). A possible physical ap-
plication is the computation of graviton loop corrections to electroweak precision
observables (EWPO) and to the anomalous moment of the muon in brane models
with large extra dimensions and a TeV-scale D-dimensional Planck mass. Unfor-
tunately our knowledge of the low energy eective theory of gravity only allows to
reliably compute corrections of little phenomenological interest. Basically, the EFT
allows to compute those contributions that are saturated in the infrared, i.e. at the
scale of the relevant external momenta. For instance, the calculable corrections to
EWPO go like (MZ=MD)
2+ (or (MZ=MD)
2+ lnMZ) by simple dimensional analy-
sis. These eects go to zero very quickly when MD is raised, becoming negligible
already for MD below a TeV. On the other hand, the contributions from the region
of large virtual loop momenta gives in principle a much larger eect. However, being
saturated in the UV region, where we do not control the EFT, these contributions
are not calculable. This problem already aects tree level virtual graviton eects.
We can however estimate graviton eects by introducing an explicit UV cuto .
The corrections to EWPO will scale like M2Z
=M2+D . The unknown physical cuto
could perhaps be produced by string theory, or could be related to the inverse brane
width or even to just the brane tension [30]. Since we do not know we must keep
 as a phenomenological parameter and discuss its physical meaning and plausible
value.
Virtual graviton corrections (even at tree level) cannot be computed from Ein-
stein gravity as much as electroweak quantum corrections cannot be computed from
Fermi theory. In the latter case the complete theory is known and perturbative: by






o power divergent four-fermion loops at a \small" scale   MW  gG−1=2F rather
than at the larger   G−1=2F . At least at a qualitative level, the gravitational  can
be given a similar physical meaning.
4.1 Strong vs. weak gravity: NDA estimates
Therefore we rst identify the value S of  that corresponds to strongly coupled
quantum gravity.8 This can be done by adapting to our case the naive dimensional
analysis (NDA) technique developed to estimate pion interactions below the QCD
scale [31] (NDA has already been applied to brane models [32]). NDA allows to
estimate the size of the eects from a strongly coupled theory up to coecients of
order 1 but including all the geometric dependence on powers of . By applying
NDA, we estimate
2+S  2−=2Γ(2 + =2)M2+D : (4.1)
In the range of interesting , S is not much larger than MD.
We rst discuss the particular case  = S: diagrams with any number of
graviton lines give comparable contributions, and NDA allows to estimate their size.
Tree level exchange of gravitons generates the eective dimension 8 operator T 
T 2 − T 2=(+2) [4, 5, 6]. Its coecient in the eective lagrangian is divergent, and
NDA estimates it to be  2=4S. This operator is however not the most important
in low energy phenomenology, because at loop level gravitons generate dimension 6
four fermion operators with coecient  2=2S. On the other hand the operator
W aB
HyaH is generated with coecient  g2g1=2S with no 2 enhancement.
This property is shared by other operators that require the exchange of virtual gauge
bosons. This is because we are assuming that the weak gauge couplings remain weak
up to the cuto.
By drawing a few Feynman graphs one can see that tree level exchange of gravi-
tons (and therefore the operator T ) does not aect precision observables at the
Z-resonance. Moreover the four fermion operators induced by double graviton ex-
change are of neutral current type, so they do not directly aect  decay and are
therefore not constrained by high precision data. -decay is aected by one loop
diagrams with a W and a graviton: their coecient is only  g22=2S.
Indeed by a simple analysis one nds that all dimension six operators that aect
EWPO have a coecient  g22=2S  1=2S. As shown in [33] EWPO set a bound
S > (5  10)TeV on a generic set of dimension 6 operators that conserve baryon,
lepton and flavor numbers and CP. This bound seems rather strong when compared to
the sensitivity to direct graviton emission expected at the next colliders. Furthermore
since mtop  175GeV a real solution of the hierarchy problem should cuto the
quadratically divergent top correction to the Higgs mass at a much lower value of
8In the context of string theory this corresponds to a situation where the string coupling is
























Figure 4: Compilation of collider bounds on graviton phenomenology in the plane
(MD;=MD) for  = 3 (left) and  = 6 (right).
  300GeV. Our assumption  = S corresponds however to one of the most
constrained scenarios: LEP data strongly disfavor new strongly coupled physics in
the electroweak sector. The situation becomes worse if we assume that also the
gauge couplings get strong at  = S. In order to obtain a more acceptable
phenomenology one can assume that the UV cut-o  happens to be smaller than S,
so that gravity does not become strong and dominant graviton corrections to EWPO
are dominated by one loop diagrams (presumably a complete theory will not contain
only gravitons). In the next subsections we ‘compute’ the graviton corrections to the
electroweak observables (expressed in terms of the 1; 2; 3 parameters [12]) and to
the anomalous magnetic moment of the muon. In agreement with NDA estimates,















where the factors of order one depend on the choice of cuto. Not knowing which is
the physical cuto, we use dimensional regularization: with this choice loop integrals
do not give powers of . However, since we are considering a higher dimensional
theory, powers of  arise from divergent sums over the KK levels of the gravitons.
A dierent choice of the cuto would give dierent results.
In gure 4 we summarize the present situation of collider graviton phenomenol-
ogy by collecting the various bounds in the plane (MD;=MD):
 The vertical bound comes from emission of real gravitons [4] at LEP2 and
Tevatron [34]. It does not depend on  (as long as the energy of the collider is
less than ) because it is the only bound on really computable eects.
 Virtual exchange of gravitons at tree level generates the operator T . Its coe-






EFT (in the literature there exists a variety of estimates [4, 6, 29], freely dubbed
\formalisms", and a corresponding variety of experimental bounds [34]). The
coecient can be estimated to be  2( + 2)−2=2( − 2)+2S . The exper-
imental constraints [34] give the slightly oblique bound in gure 4.
 At one loop gravitons aect precision observables and a in a way that again
depends on the cuto. The green line shows the values necessary to produce
the observed anomaly in a. The bound parallel to it comes from precision
observables.
If the cuto  is due to quantum gravity, =MD parameterizes how strongly coupled
gravity is: this explains why virtual graviton eects give the strongest (weakest)
bound when  & MD ( . MD). Strongly coupled gravity is obtained for =MD 
(14) if  = 3 and for =MD  (12) if  = 6. EWPO bounds have been estimated
in a conservative way, assuming a typical 0:1% error. We see that setting  = MD
as assumed in many analyses is a signicant but arbitrary restriction:  is a relevant
free parameter. In the most generic case the cuto could even be not universal, so
that dierent corrections are cut o by dierent . We repeat that bounds that
depend on  can at best be considered as semi-quantitative.
The presence of a cut-o  can have an impact on the studies of graviton emission
at future colliders. If  is smaller than
p
s, real graviton signals are suppressed (but
some new physics should show up). On the other hand, if =MD is too big, real
graviton signals (γ+ missing energy) are forbidden by precision tests or subdominant
with respect to γ+ missing energy eects due to dimension six operators like ee [4],
generated by virtual gravitons at one loop with coecient  22+2=2+4S . However
there exists a range ofMD and  (not too small and not too large) where real graviton
emission is the dominant discovery mode. For instance one can see this by considering
the case of a e+e− collider at
p
s = 1 TeV [4].
Can the apparent excess aexp − aSM = (4:3 1:6)  10−9 recently measured by [35]
be produced by gravitons without conflicting with the EWPO bounds? In the SM,
electroweak corrections have been clearly seen in the i, but only aect a at a level
comparable to its present experimental error. The naive (and maybe correct) expec-
tation is that even in the gravitational case the i are a more signicant probe than
a. However, taking into account that we can only perform estimates, it could not
be impossible that the anomaly in a [35] be produced by gravity without conflicting
with the EWPO bounds, even if the physical cuto has a ‘universal’ nature (for ex-
ample if it is related to the size of the brane) as assumed in gure 4. If this is the case,
improved measurements of the i parameters should be able to nd a positive signal.
4.2 Electroweak precision observables
As discussed in the previous sections, unphysically large corrections cancel out when






combinations of the vacuum polarizations of the vector bosons
ij(k
2) = −iij(k2) + kk terms; i; j = fW;Z; γg (4.3)
known as S; T; U parameters [11], often employed to parameterize new physics present
only in the vector boson sector. However these are not physical observables because
gravity does not couple only to vector bosons.9 As found in [7], in the unitary
gauge gravitons give corrections to such parameters that unphysically increases with
increasing MD.
Since graviton loops are flavour universal (and neglecting the bottom quark mass)
gravitational corrections to the various EWPO can be condensed in three parameters
that are usually chosen to be 1; 2; 3. The corrections to the physical EWPO are
obtained by combining in a non immediate but standard way [12] various form factors.
Specializing the general expressions to the case of gravity, the  parameters are
given by























 M2i  −ii(M2i ) are the correction to the pole mass of the vector bosons and
0(k2)  d(k2)=dk2.
  = −γγ(0) is the correction to the electric charge;
 g is the common correction to the vector and axial form factors (gravity re-
spects parity) in the Zf f interactions of an on-shell Z boson
−i e
2sc
fγ(gV − γ5gA)(1 + g)f
excluding the contribution from the Z vacuum polarization.
 G is the correction to the ! ee decay amplitude.














Although it would be straightforward to perform a complete analysis, we will only
study the gravitational correction to the combination











chosen because it only involves the simplest-to-compute form factors. Physically,
this observable amounts to testing the tree level SM prediction MW = cMZ using
the value of the weak angle given by the forward-backward asymmetries in Z ! ‘+‘−
decays, not aected by graviton loop eects. The experimental value of  (obtained
from a t of LEP and SLD data) is  = (12:5  1)10−3 and agrees with the SM
prediction (for a light higgs). The gravitational correction is given in appendix C
in terms of Passarino-Veltman functions. Since the heaviest KK give the dominant






















where we set d = 4 − 2. We can estimate the graviton correction by keeping only






 5(8 + 5)
48Γ(2 + =2)2−=2
: (4.6)
The result has a strong dependence on  and the numerical coecient is specic of
the form of the cuto that we have chosen to employ. We explicitly see that spurious
IR divergences do not aect this physical observable.
Notice that  is suppressed by a power of s2 but it is not aected by theoretical
uncertainties in . Therefore precision searches for MD could be improved by a
factor  3 if, by producing  109 Z bosons at an ee linear collider, the errors on
MW and on the eective weak angle extracted from the leptonic asymmetries could
be reduced by a factor  10.
4.3 Anomalous magnetic moment of the 
Since the  anomalous magnetic moment is zero at tree level, the reparametrization
gauge dependence of the unit of mass does not aect the one loop gravitational
correction to a. Only few Feynman diagrams contribute. As noticed in [36], the 1=
poles cancel out when computing the loop integrals using dimensional regularization
around d = 4. At leading order in m we nd, again using a sharp cut o for the














Apparently this result agrees with the one found by [10].10 Again the result strongly
depends on the value of the cuto . We cannot claim that it has the same sign
as the apparent excess recently measured by [35]: we have employed dimensional
regularization for loop integrals but other regularizations (e.g. dimensional reduction,
Pauli-Villars,. . . ) would give a dierent result. Unlike , a is a sum of contributions
from graphs with dierent graviton interactions. One can obtain any sign for a
e.g. by cutting o h and γγh vertices with dierent form factors: a is nite but
dominated by loop momenta around the cuto. In particular one gets, at leading
order in m
a = 0 (4.8)
if the cuto acts in the same way on both type of contributions. This is for example
the case of a Pauli-Villars cuto on the graviton. By working in the De Donder
gauge (where the only dependence on the graviton mass comes from the 1=(k2−m2n)
factor in the graviton propagator) and knowing that a is dimensionless and nite,
it is not dicult to realize that it is zero.
5. Conclusions
We discussed various subtleties that arise when computing quantum gravity 1-loop
eects in models with large extra dimensions and matter conned to a brane. Our
computations are based on an eective eld theory (EFT) description of quantum
gravity and of the brane. A sensible result is obtained after correctly identifying phys-
ical observables and after taking brane fluctuations into account. Graviton tadpoles
are relevant for branes living in non-homogeneous spaces (like orbifolds). For branes
living at orbifold xed points consistency is met, as expected, even in the absence
of brane fluctuations. In particular we explain in a geometric way why the units of
length in ‘longitudinal’ and ‘transverse’ directions depend on the reparametrization
gauge xing procedure.
We regard these results as theoretically interesting, although the truly calcula-
ble eects in the EFT approach have a limited phenomenological relevance. The
most relevant eects come from the region of large virtual momenta where the EFT
description breaks down. This is why in the second part of the paper we have
abandoned the strict EFT approach and modeled these UV eects by introducing
a hard momentum cut-o . This is the best that can be done, without having
a fundamental theory that allows real computations. We stress however that our
previous understanding of how to get gauge independent results is still important in
this phenomenological approach. As an application we have studied virtual graviton
10[10] separately computes the gauge-dependent ‘graviton’ and ‘radion’ contributions in the uni-
tary gauge. We nd a dierent result in both cases (the radion coupling used in [10] is valid only






corrections to precision observables and to the muon anomalous magnetic moment,
focusing on models with large extra dimensions. Even at tree level, virtual graviton
eects are divergent and must be regulated. Virtual graviton eects in collider phe-
nomenology have been so far studied assuming a particular value of . However  is
an important free parameter that | at least at an qualitative level | controls how
strongly coupled gravity is. Depending on the value of , one loop eects can give
the dominant bound on low scale quantum gravity.
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A. Graviton propagators in the unitary gauge
We derive here the propagators for the physical elds in the unitary gauge. Expand-
ing the metric gMN = MN + hMN around the flat space solution we obtain the
lagrangian in eq. (2.1). We recall that we decompose the D dimensional graviton
hMN as h , hi and hij (where ;  are 4-dimensional indices and i; j span the extra
 dimensions). In this appendix we x for simplicity d = 4. Due to D-dimensional
reparametrization invariance not all the components of these elds correspond to
propagating degrees of freedom. The physical elds are the ones contained in the
Riemann tensor 2RRMSN = h(RN;MS) − h(MN;RS) (as in the electromagnetic case the
physical elds are contained in the eld strength tensor)
G = −2@i@jRij = h − @i@(h)i + @@@i@jhij
Vi = +2@j@nRjin = hi − @i@nhn − @@jhij + @@i@j@nhjn
Sij = −2@m@nRimjn = hij − @n@(ihj)n + @i@j@m@nhmn : (A.1)
For simplicity, the above equations are written assuming units such that @i@i = 1.
These expressions can be written in a compact form by dening Q  @^ihi, P 
@^i@^jhij and Pi = @^jhij − @^iP , where @^i  @i=
p
@j@j . These considerations suggest to
rewrite the lagrangian in terms of a new set of elds [4] G , Vi, Sij, H , Q, Pi, P
related to hMN by







H + @Q + @Q − @@P
hij = Sij +
c
 − 1(ij − @^i@^j)H + @^iPj + @^jPi + @^i@^jP






and subject to the constraints
@iVi = @iSij = @iPi = 0 ; Sii = 0 :
We have introduced the eld H in order to make Sij traceless. By choosing c
2 =













G(¤+ @2k)G +G@@G −G@@G : (A.3)
As expected, it does not depend on Q, Pi and P and there is no mixing between
the elds G , H , Sij , Vi. It is now trivial to perform a mode expansion: the extra
dimensional Laplacian @2k becomes a mass term. The propagators can be obtained
by inverting the kinetic terms in eq. (A.3). It is useful to show explicitly how the
‘graviton’ G and the ‘scalar’ H combine to give a unitary-gauge propagator equal























In particular we see that we cannot omit the ‘scalar’ contributions, if we want to
obtain a gauge invariant result. It would be easy to include a small mass term for
the H (n) elds, eventually generated by the unknown mechanism that stabilizes the
size of the extra dimensions.
B. Graviton vertices
We dene g   + h , g  j det g j and give explicit expressions for the
expansion up to second order in the graviton eld h of
p
g = 1 + Ah + 
2A0γhhγ +   p
gg = 1 + Bh + 
2B0γhhγ +   p
ggg = 1 + Ch + 
2C 0γhhγ +    : (B.1)








− eced@[em]ma ; (B.2)






. As discussed in section 2.4,













Using (B.2), (B.3) and
ea = 

a − ba + 2bba +O(3) (B.4)
one can nd the gravitational couplings for fermions.























aD −Dy eaγa 
 i
; (B.5)
where F  @A − @A and D = @ + 12!abγab , γab = 14 [γa; γb]. The
expansion in powers of h is easily obtained from
g = [ − h + 2(hh) − 3(hhh) +   ] (B.6)
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B = 4A0 =
1
2

















Bγ + 2γ − γ + γ
i
These expressions are valid in any number of dimensions. Brane fluctuations can be
incorporated in h , as discussed in eq. (2.12).
To compute the corrections to the graviton propagator and to the graviton vertex
it is necessary to have the 3 and 4 graviton interactions. They can be easily derived
by expanding the Einstein-Hilbert lagrangian in powers of the graviton eld using
e.g. Mathematica [28]. For this reason we do not write explicitlt the long expressions
for such vertices.
C. Results
In this appendix we collect the explicit results for the corrections to the propaga-






As discussed in section 3, generically the correction to a physical quantity O with
canonical dimension dO has the form
O
O = dOG(MDR) + (O; R;MD; ) ; (C.1)
where the gauge dependence is encoded in the function G. The splitting in a ‘gauge-
dependent’ and ‘gauge-independent’ part is ambiguous unless a reference gauge is
chosen in which by denition one sets Gref = 0. We choose in the de Donder gauge
GdeDonder = 0. All the results for physical quantities are computed in this gauge.
The results are expressed in terms of Passarino-Veltman functions A0, B0;1, dened
in appendix D.
For the pole mass correction for a scalar (s = 0) and a massive vector (s = 1)







[d2 + ( − 3) + d(2 − 1)]
162 Md−2d d(d+  − 2)
0 =
1




2d(2− d)( − 4)A0(m20) + f1(d; )
A0(m2n)+8d[m2n(d− 2)−2m20(d+−3)]
 B0(m20; m2n; m20) + 2d(d− 2)m2n 










1) + (d− 1)f1(d; )
A0(m2n)−8d[2m21(d−1)(d+− 3)+
+m2n(d− 2)(d+ 2 + 1)]
 B0(m21; m2n; m21) + 2d(d− 2)
 [2d2 + 3d( − 2)− 7]m2n 




f1(d; ) = 4[2d
3 − d( − 6) + 2d2( − 3) + 2( − 2)]
f2(d; ) = 2d(2− d)[4 + 2d2 +  + d(3 − 2)] : (C.3)
We computed also the graviton correction to the photon propagator, verifying that
it is transverse if one uses the simple gauge xing of eq. (2.20). If instead the gauge
xing function contains the graviton eld, in general transversality will be lost, due
to a modication of the related Ward identity (of course this does not mean that the














(d− 4)[d3 + d2( − 5) + d(8− 3) + 2( + 2)]
322 Md−2d d(d+  − 2)
: (C.4)
For comparison with the existing literature, we also write the expression of the scalar
self-energy at zero momentum (0). As discussed in the text, for this unphysical
quantity the gauge dependent part is non-universal. In the de Donder and in the
unitary gauge we nd
(0)deDonder =
m20




























nd( − 2)− 2m2nm20( − 2) +m40(d+  − 3)]





g1(d; ) = d
2(d− 1)− 4d+ (4 + d)(d− 1) + 22
g2(d; ) = 4 − (d+ )[2 + d(d− 1)] (C.7)
From these expressions it is clear that 1=m4n terms found in [7, 8, 9] are an artifact
of the unitary gauge and have no physical meaning.
D. Regularized sums and integrals
The results of our 1-loop computations can be expressed as the sum over KK modes of
basic Passarino-Veltman functions [37]. Generically these expressions are divergent
and need to be regulated. After doing that one can extract the calculable nite parts
that are determined by the EFT [13]. These are terms that either depend on the
radius R or depend non-analytically on the kinematic variables. In this appendix we
focus for illustration on these calculable terms and disregard the uncalculable UV
saturated contribution, which were the subject of our phenomenological discussion.
The main point is to regularize the integral and the series consistently; we choose
for this the dimensional technique, extending the physical dimension of the extra
space and of the brane , d, to generic values








































(q2 −M2)[(q + p)2 −m2] (D.3)










2)  = 0; 1 (D.4)











2). First of all
we introduce a Feynman parameter x, rescale the integration variable q ! q=R and






















[q2 − (1− x)2m2]2

; (D.6)
where a2(x) = R2m2(1 − x)2=x. Then we Wick-rotate and evaluate the rst term






















dy[B¯(y)− 1]e−ya2y1−d¯=2 ; (D.7)












The integral in eq. (D.7) converges at y !1 thanks to the exponential behavior of





which is easily derived from the Poisson formula. Using eq. (D.9) we can split the



















2=yyd¯=2−3(y¯=2 − 1) (D.10)
Again, the rst integral is convergent, while the second term must be (dimensionally)
regularized. Because a(x)  0 in x 2 [0; 1] and noting that for   0Z 1
1




we can isolate the divergent piece in the Γ function through an analytical continuation











































It’s not dicult to verify that the last (divergent) term is exactly canceled by the











dx xd¯=2−2  (D.13)

n












where we have dened















The Γ function in eq. (D.13) has poles for negative integer arguments and before
taking the limit ! 0 we must distinguish the two cases of even and odd (d+ ). If
(d+ ) is even, a logarithmic term appears















f1(mR; x; d; ) +
+
md+−4



























where F (d; ) is a generic function of d;  which multiplies the integral in the physical
amplitudes and the factor 1=R¯ comes from the graviton wave function normalization.
By subtracting just the pole 1= we get the loop correction in the MS scheme. Notice
that the nite part contains a scheme independent logm term. When (d+ ) is odd
we nd instead a nite result

























Although there is no logarithm, the term md+−4 represents a scheme independent
nite eects as it depends non analytically on the lagrangian parameter m2. The
same technique can be used to compute the nite part of the other integrals in
eq. (D.4) and the series in eq. (D.5); here we collect only the nal results omitting










dy [B(y)− 1]yd=2(1 + y=2−2) + 2
d− 2 −
2













Notice that the sum of the A0(m
2
n) function has no 1= pole. The special cases I0, I1




0;1) in the results of the previous














Finally, for (d+ ) even











































while for (d+ ) odd

























where i = 0; 1 and u0(x) = 1, u1(x) = (x− 1) and we have dened
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